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We present a microscopic theory of the Hall current in the bilayer quantum Hall system on
the basis of noncommutative geometry. By analyzing the Heisenberg equation of motion and the
continuity equation of charge, we demonstrate the emergence of the phase current in a system where
the interlayer phase coherence develops spontaneously. The phase current arranges itself to minimize
the total energy of the system, as induces certain anomalous behaviors in the Hall current in the
counterflow geometry and also in the drag experiment. They explain the recent experimental data
for anomalous Hall resistances due to Kellogg et al. [M. Kellogg, I.B. Spielman, J.P. Eisenstein,
L.N. Pfeiffer and K.W. West, Phys. Rev. Lett. 88 (2002) 126804; M. Kellogg, J.P. Eisenstein,
L.N. Pfeiffer and K.W. West, Phys. Rev. Lett. 93 (2004) 036801] and Tutuc et al. [E. Tutuc, M.
Shayegan and D.A. Huse, Phys. Rev. Lett. 93 (2004) 036802] at ν = 1.
I. INTRODUCTION
The emergence of the Hall plateau together with the
vanishing longitudinal resistance has been considered to
be the unique signal of the quantum Hall (QH) effect1,2.
This is certainly the case in the monolayer QH sys-
tem. However, recent experiments3,4 have revealed an
anomalous behavior of the Hall resistance in a coun-
terflow geometry in the bilayer QH system that both
the longitudinal and Hall resistances vanish at the to-
tal bilayer filling factor ν = 1. Another anomalous
Hall resistance has been reported in a drag experiment5.
Though a suggestion6 has been made that the anoma-
lous phenomenon would occur owing to excitonic excita-
tions (electron-hole pairs in opposite layers) in the coun-
terflow transport, there exists no theory demonstrating
these phenomena explicitly in a unified way.
The aim of this paper is to present a microscopic the-
ory of Hall currents to understand the mechanism of
the anomalous Hall resistance3,4,5 discovered experimen-
tally. In the ordinary theory the current is defined as the
No¨ther current, which arises from the kinetic Hamilto-
nian. However, this is quite a nontrivial problem in the
QH system7 since the kinetic Hamiltonian is quenched
within each Landau level8,9. There is a Lagrangian
approach10 to this problem, but it seems quite difficult to
go beyond the one-body formalism within this approach.
We propose a new formalism to elucidate the current in
the QH system.
We start with a microscopic Hamiltonian11 describ-
ing electrons in the lowest Landau level. The intriguing
feature is that the dynamics is determined not by the
kinetic Hamiltonian but by noncommutative geometry.
The noncommutative geometry12 means that the guid-
ing center X = (X,Y ) is subject to the noncommutative
relation, [X,Y ] = −iℓ2B, with ℓB the magnetic length.
We derive the formula for the electric current from the
Heisenberg equation of motion and the continuity equa-
tion of charge based on the noncommutative relation. It
agrees with the standard formula for the Hall current in
the monolayer system.
There arises new phenomena associated with the in-
terlayer phase coherence in the bilayer QH system1,2.
The bilayer system has the pseudospin degree of freedom,
where the electron in the front (back) layer is assigned
to carry the up (down) pseudospin. Provided the layer
separation d is reasonably small, the interlayer phase
coherence13,14 emerges due to the Coulomb exchange in-
teraction. The system is called the pseudospin QH ferro-
magnet. This is clearly seen by examining the coherence
length ξϑ of the interlayer phase field ϑ(x), which is cal-
culated as
ξϑ = 2ℓB
√
πJds
∆SAS
, (1.1)
where Jds is the pseudospin stiffness and ∆SAS is the tun-
neling gap. It is observed that the interlayer phase co-
herence develops well for Jds ≫ ∆SAS.
It has been argued in an effective theory1 that the
phase current, ∝ ∂iϑ(x), flows in the pseudospin QH
ferromagnet. In this paper, we present a microscopic for-
mulation of the phase current, and show that the phase
current arranges itself to minimize the total energy of the
system and makes the Hall resistance vanish in a coun-
terflow geometry3,4. Furthermore, it explains also the
anomalous Hall resistance in the drag experiment5.
This paper is composed as follows. Section II is de-
voted to a concise review of the microscopic formalism
of the QH system based on the noncommutative geome-
try. In Section III we analyze the Heisenberg equation of
motion in the QH system. In Section IV the formula is
derived for the current in the spin ferromagnet from the
continuity equation. In Section V we study the current in
the pseudospin ferromagnet. In Section VI we determine
the phase current by minimizing the total energy of the
system. In Section VII we investigate how the anomalous
Hall resistance occurs in the pseudospin ferromagnet.
2II. NONCOMMUTATIVE GEOMETRY
A planar electron performs cyclotron motion in mag-
netic field, B = (0, 0,−B⊥). The electron coordi-
nate x = (x, y) is decomposed into the guiding center
X = (X,Y ) and the relative coordinate R = (Rx, Ry),
x = X +R, where Rx = −Py/eB⊥ and Ry = Px/eB⊥
with P = (Px, Py) the covariant momentum. The com-
mutation relations are [X,Y ] = −iℓ2B, [Px, Py] = i~2/ℓ2B
and [X,Px] = [X,Py] = [Y, Px] = [Y, Py] = 0, with
ℓ2B = ~/eB⊥. They imply that the guiding center and
the relative coordinate are independent variables.
The kinetic Hamiltonian,
HK =
P 2
2M
=
1
2M
(Px − iPy)(Px + iPy) + 1
2
~ωc, (2.1)
creates Landau levels with gap energy ~ωc = ~eB⊥/M .
When it is large enough, excitations across Landau lev-
els are suppressed at sufficiently low temperature. It is a
good approximation to prohibit all such excitations by re-
quiring electron confinement to the Lowest Landau level.
We explore the physics of electrons confined to the low-
est Landau level, where the electron position is specified
solely by the guiding center X = (X,Y ), whose X and
Y components are noncommutative,
[X,Y ] = −iℓ2B. (2.2)
We introduce the operators
b =
1√
2ℓB
(X − iY ), b† = 1√
2ℓB
(X + iY ), (2.3)
obeying [b, b†] = 1, and define the Fock states
|n〉 = 1√
n!
(b†)n|0〉, b|0〉 = 0, (2.4)
where n = 0, 1, 2, · · · . The QH system provides us with
an ideal 2-dimensional world with the built-in noncom-
mutative geometry.
We assume that the electron carries the SU(N) index.
For instance, it carries the spin SU(2) index in the mono-
layer system, and the spin-pseudospin SU(4) index in the
bilayer system. The SU(N) electron field Ψ(x) has N
components. It is given by
ψµ(x) =
∑
n
〈x|n〉cµ(n) (2.5)
for electrons in the lowest Landau level, where cµ(n) is
the annihilation operator acting on the Fock state |n〉,
{cµ(n), c†ν(m)} = δmnδµν . (2.6)
The physical variables are the electron density ρ(x) and
the isospin field IA(x),
ρ(x) = Ψ†(x)Ψ(x), IA(x) =
1
2
Ψ†(x)λAΨ(x), (2.7)
where λA are the generating matrices of SU(N). We sum-
marize the electron density and the isospin density into
the density matrix as
Dµν =
1
N
δµνρ+ (λA)µνIA. (2.8)
It is given by
Dµν(p) = e
−ℓ2Bp
2/4Dˆµν(p) (2.9)
in the momentum space, together with
Dˆµν(p) =
1
2π
∑
mn
〈m|e−ipX |n〉c†ν(m)cµ(n). (2.10)
We call Dˆµν(p) the bare density. The difference between
Dµν and Dˆµν is negligible for sufficiently smooth field
configurations.
In the succeeding analysis of the dynamics of the
SU(N) QH system, the W∞(N) algebra satisfied by the
bare density,
2π[Dˆµν(p), Dˆστ (q)] =δµτe
+ i
2
ℓ2Bp∧qDˆσν(p+ q)
− δσνe− i2 ℓ
2
Bp∧qDˆµτ (p+ q),
(2.11)
plays the basic role. We have already derived this relation
based on the noncommutative relation (2.2) and the an-
ticommutation relation (2.6) in our previous works11,15:
See (3.19) in the first reference of Ref.11.
III. EQUATIONS OF MOTION
The Heisenberg equation of motion determines the
quantum mechanical system. It is given by
i~
d
dt
Dˆµν(p) = [Dˆµν(p), H ] (3.1)
for electrons in the lowest Landau level. In ordinary
physics the dynamics arises from the kinetic Hamilto-
nian. However, this is not the case here, since the ki-
netic Hamiltonian (2.1) commutes with Dˆµν(p). In-
deed, HK contains only the relative coordinate R =
(−Py/eB⊥, Px/eB⊥), while Dˆµν(p) contains only the
guiding center X = (X,Y ). Nontrivial dynamics can
arise because the guiding center has the noncommuta-
tive coordinates obeying (2.2). It is remarkable that the
dynamics arises from the very nature of noncommutative
geometry in the QH system.
The total Hamiltonian H consists of the Coulomb term
HC and the rest term Hrest,
H = HC +Hrest, (3.2)
where Hrest stands for the Zeeman term in the monolayer
system and additionally the tunneling and bias terms in
the bilayer system. All of them are represented in terms
3of the bare densities. Hence, we are able to calculate the
Heisenberg equation of motion (3.1) based on the W∞(N)
algebra (2.11).
What is observed experimentally is the classical field
Dµν(x), which is the expectation value of Dˆµν(x) by a
Fock state,
Dµν(x) = 〈Dˆµν(x)〉. (3.3)
We consider the class of Fock states which can be written
as
|S〉 = eiW |S0〉, (3.4)
where W is an arbitrary element of the W∞(N) algebra
which represents a general linear combination of the op-
erators c†ν(m)cµ(n). The state |S0〉 is assumed to be of
the form11
|S0〉 =
∏
µ,n
[
c†µ(n)
]νµ(n) |0〉, (3.5)
where νµ(n) takes the value either 0 or 1 specifying
whether the isospin state µ at the state |n〉 is occupied or
not, respectively. Though it may not include all states,
it certainly contains all integer QH states, by which we
mean the ground state as well as all quasiparticle excited
states at ν =integer.
The classical field satisfied the classical equation of mo-
tion. It is constructed by taking the expectation value of
the Heisenberg equation of motion (3.1),
i~
d
dt
Dµν(x) = 〈Dˆµν(p)H〉 − 〈HDˆµν(p)〉. (3.6)
We can verify11 for the class of states (3.4) that
d
dt
Dµν(x) = [Dµν(x),H]PB, (3.7)
whereH = 〈H〉 is the classical Hamiltonian, provided the
classical density is endowed with the Poisson structure
2πi~[Dµν(p),Dστ (q)]PB =δµτe+ i2 ℓ
2
Bp∧qDσν(p+ q)
− δσνe− i2 ℓ
2
Bp∧qDµτ (p+ q).
(3.8)
The classical Coulomb energy consists of the direct and
exchange energies11, HC = HD +HX, and we obtain
H = HD +HX +Hrest, (3.9)
from the total Hamiltonian (3.2). Here, HD and Hrest
have the same expressions as HC and Hrest, respectively,
with the replacement of Dˆµν by Dµν : The exchange term
HX is a new term. We give explicit expressions of these
terms in the following sections.
IV. CURRENTS IN SPIN QH FERROMAGNET
In the monolayer QH system the physical variables are
the electron density ρ(x) and the spin field Sa(x),
ρ(x) = Ψ†(x)Ψ(x), Sa(x) =
1
2
Ψ†(x)τaΨ(x) (4.1)
with (2.5) for Ψ(x). We denote the corresponding clas-
sical field as
̺(x) = 〈ρˆ(x)〉, S(x) = 〈Sˆ(x)〉. (4.2)
Here τa are the Pauli matrices for the spin space.
We study the electric current in the QH state. The
current is introduced originally to guarantee the charge
conservation. This is the case also in the noncommuta-
tive plane,
− e d
dt
ρˆ(x) = ∂iJˆi(x), (4.3)
where −eρˆ(x) is the charge density and Jˆi(x) is the cur-
rent in the lowest Landau level. The physically observed
current is the classical current given by
Ji(x) = 〈Jˆi(x)〉. (4.4)
Taking the expectation value of (4.3) and using the clas-
sical equation of motion (3.7), we have
∂iJi(x) = −e d
dt
̺(x) = −e[̺(x),H]PB. (4.5)
The formula for the current Ji(x) is obtained from this
continuity equation by integrating it.
In the monolayer QH system the Hamiltonian consists
of the Coulomb term, the Zeeman term and the electric-
field term,
H = HC +HZ +HE. (4.6)
We introduce the scalar potential ϕ(x) to produce an
electric field,
Ei(x) = −∂iϕ(x), (4.7)
in the Hamiltonian HE. The classical Hamiltonian is
given by H = 〈H〉, which reads11
H = HD +HX +HZ +HE, (4.8)
where
HD =π
∫
d2q VD(q)̺(−q)̺(q), (4.9a)
HX =− π
∫
d2p VX(p)
[ ∑
a=xyz
Sa(−p)Sa(p)
+
1
4
̺(−p)̺(p)
]
, (4.9b)
HZ =− 2π∆ZSz(0). (4.9c)
HE =− e
∫
d2q e−q
2ℓ2B/4ϕ(−q)̺(q), (4.9d)
4with
VD(q) =
e2
4πε|q|e
−ℓ2Bq
2/2, (4.10)
VX(p) =
√
2πe2ℓB
4πε
I0(ℓ
2
Bp
2/4)e−ℓ
2
Bp
2/4. (4.11)
Here, I0(x) is the modified Bessel function.
It is straightforward to calculate the Poisson bracket
(4.5) with (4.8),
[̺(k),HD]PB
=
2
~
∫
d2q VD(q){̺(q), ̺(k − q)} sin
(
ℓ2B
k∧q
2
)
,
(4.12a)
[̺(k),HX]PB
=− 1
2~
∫
d2q VX(q)̺(−q)̺(k + q) sin
(
ℓ2B
k∧q
2
)
− 2
~
∫
d2q VX(q)Sa(−q)Sa(k + q) sin
(
ℓ2B
k∧q
2
)
(4.12b)
[̺(k),HZ]PB = 0, (4.12c)
[̺(k),HE]PB
=− e
2π~
∫
d2q e−q
2ℓ2B/4ϕ(q)̺(k − q) sin
(
ℓ2B
k∧q
2
)
.
(4.12d)
We evaluate them on the ground state in the QH system,
where the classical density is given by
̺(k) = 2πρ0δ
2(k) (4.13)
with ρ0 the total electron density. This is known as the
incompressibility condition1, implying that the QH sys-
tem is an incompressible liquid.
We first examine the Poisson bracket (4.12b) for HD.
Substituting the incompressibility condition into (4.12a)
it is trivial to see that [̺(k),HD]PB = 0. Hence, there
is no contribution to the Hall current from the direct
Coulomb term HD.
We next examine the Poisson bracket (4.12b) for HX.
The term involving ̺(−k′)̺(k+ k′) sin[ℓ2B(k∧q)/2] van-
ishes because of the incompressibility condition. The re-
maining term involves Sz(−k′)Sz(k + k′). Since we are
concerned about a homogeneous flow of electrons, taking
the nontrivial lowest order term in the derivative expan-
sion of potential VX(k), we find
∫
d2q VX(k
′)Sz(−q)Sz(k + q) sin
(
1
2
ℓ2Bk ∧ q
)
≃VX(0)
∫
d2q Sz(−q)Sz(k + q) sin
(
1
2
ℓ2Bk ∧ q
)
=0. (4.14)
This is zero because the relation∫
d2q f(−q)g(k + q) sin (k ∧ q)
= −
∫
d2q f(k + q)g(−q) sin (k ∧ q) (4.15)
holds for any two functions f and g. Hence, there is no
contribution from HX.
We finally examine the contribution from HE by eval-
uating (4.12d). Expanding sin[ℓ2B(k∧q)/2], we obtain
Ji(k) =− i e
2ℓ2B
2π~
εij
∫
d2q e−k
2ℓ2B/4qjϕ(q)̺(k − q)
×
[
1− 1
3!
(
ℓ2B
k∧q
2
)2
+ · · ·
]
. (4.16)
In a constant electric field Ej such that
qiϕ(q) = 2πiEjδ(q), (4.17)
we find
Ji(k) = e
2
~
ℓ2BεijEje
−k2ℓ2B/4̺(k − q). (4.18)
On the incompressible state (4.13) it yields
Ji(x) = e
2ℓ2B
~
εijEjρ0. (4.19)
This is the standard formula for the Hall current.
We have demonstrated that the Coulomb and Zeeman
interactions do not affect the Hall current, as expected.
However, this is not a trivial result since the exchange
Coulomb interaction yields rather complicated formulas
in the midstream of calculations. As we have verified,
they vanish in the spin QH ferromagnet. On the other
hand, as we shall see in the succeeding sections, the ex-
change Coulomb interaction produces the phase current
in the pseudospin QH ferromagnet.
V. CURRENTS IN PSEUDOSPIN QH
FERROMAGNET
We proceed to study the electric currents in the bi-
layer system. Though the actual system has the spin-
pseudospin SU(4) structure, we consider the spin-frozen
system since the spin does not affect the current: See
Appendix B. The electron field (2.5) has two components
ψα(x) corresponding to the front (α=f) and back (α=b)
layers. The physical variables are the electron densities
ρα(x) in the two layers, and the pseudospin field Pa(x),
ρα(x) = ψα†(x)ψα(x), Pa(x) =
1
2
Ψ†(x)πaΨ(x)
(5.1)
with (2.5), where πa are the Pauli matrices for the pseu-
dospin space. We use notations
̺α(x) = 〈ρˆα(x)〉, Pa(x) = 〈Pˆa(x)〉 (5.2)
5for the classical variables.
The Hamiltonian H consists of the Coulomb term, the
tunneling term, the gate term and the electric-field term,
H = HC +HT +Hgate +HE, (5.3)
which are explicitly given by (A1) in Appendix A. The
gate term has been introduced to make a density imbal-
ance between the two layers. The average density reads
ρf0 =
1 + σ0
2
ρ0, ρ
b
0 =
1− σ0
2
ρ0 (5.4)
in each layer. We call σ0 the imbalance parameter.
As we show in Appendix A, the classical Hamiltonian
H is rearranged into
H ≡ 〈H〉 = HD +HX +HT +Hbias +HE, (5.5)
where HD and HX are the direct and exchange Coulomb
energy terms,
HD = π
∫
d2pV +D (p)̺(−p)̺(p)
+ 4π
∫
d2pV −D (p)Pz(−p)Pz(p)− 8πǫ−Dσ0Pz(0)
(5.6a)
HX = −π
∑
a=x,y
∫
d2pV dX(p)Pa(−p)Pa(p)
− π
∫
d2pVX(p)
[
Pz(−p)Pz(p) + 1
4
̺(−p)̺(p)
]
+ 8πǫ−Xσ0Pz(0), (5.6b)
and HT and Hbias are the tunneling and bias terms,
HT = −2π∆SASPx(0), (5.6c)
Hbias = −2π σ0√
1− σ20
∆SASPz(0), (5.6d)
while the electric-field term reads
HE = −e
∫
d2q e−q
2ℓ2B/4
[
ϕf(−q)̺f(q) + ϕb(−q)̺b(q)] .
(5.6e)
Various Coulomb potentials are defined by
VX = V
+
X + V
−
X , V
d
X = V
+
X − V −X , (5.7)
and
V ±D (p) =
e2
8πε|p|
(
1±e−|p|d
)
e−
1
2
ℓ2Bp
2
, (5.8a)
V ±X (p) =
ℓ2B
π
∫
d2k e−iℓ
2
Bp∧kV ±D (k), (5.8b)
with the interlayer separation d. We have also defined
ǫ−D =
1
2
ρ0
∫
d2xV −D (x), ǫ
−
X =
1
4
ρ0
∫
d2xV −X (x).
(5.9)
We note that the capacitance energy is given by
ǫcap = 4(ǫ
−
D − ǫ−X). (5.10)
The scalar potentials ϕf(x) and ϕb(x) are introduced to
produce the electric fields
Efi = −∂iϕf, Ebi = −∂iϕb (5.11)
in the front and back layers within the Hamiltonian
(5.6e).
We investigate the classical equation of motion (3.7)
to derive the classical current J αi (x) in each layer. It is
defined so that the charge conserves locally,
−ed̺
f
dt
=∂iJ fi (x)−
1
d
Jz(x), (5.12a)
−ed̺
b
dt
=∂iJ bi (x) +
1
d
Jz(x), (5.12b)
where Jz(x) is the tunneling current between the two
layers.
The tunneling term HT contributes only to the tun-
neling current Jz(x), and it is given by
1
d
Jz(x) = e
2
d
dt
[̺f − ̺b]
∣∣∣∣
HT
= e[Pz,HT]PB. (5.13)
The current in the layer α =f, b is given by
∂iJ αi (x) = −e
d̺α
dt
∣∣∣∣
HD+HX+Hbias+HE
, (5.14)
which consists of [̺α,HD]PB, [̺α,HX]PB, [̺α,Hbias]PB
and [̺α,HE]PB. We express ̺α in terms of ̺ and Pz as
̺f =
1
2
̺+ Pz, ̺b = 1
2
̺− Pz. (5.15)
Note that ̺α = ρα0 with (5.4) in the ground state.
We need to calculate the Poisson brackets for ̺ and Pz
with various Hamiltonians. When we estimate them on
the state satisfying the incompressibility condition (4.13),
many terms vanish precisely by the same reasons as in
the monolayer system. We now demonstrate that there
exists a new contribution from the exchange interaction
HX to the current, as is the novel feature in the pseu-
dospin QH ferromagnet. Let us explicitly write down
only those parts in the Poisson brackets that yield non-
vanishing contributions to the current.
There is a new term involving cos(12ℓ
2
Bk ∧ q) in the
Poisson bracket [Pz(k),HX]PB,
[Pz(k),HX]PB
=− ǫab
~
∫
d2q V dX(q)Pa(−q)Pb(k + q) cos
(
ℓ2B
2
k∧q
)
+ · · · , (5.16)
6where the index a runs over x and y. Making the deriva-
tive expansion of V dX(q) and cos(
1
2ℓ
2
Bk ∧ q), we find
J f(X)i (x) = −J b(X)i (x) =
4eJds
~ρ20
(∂iPx · Py − ∂iPy · Px),
(5.17)
where
Jds = Js
[
−
√
2
π
d
ℓB
+
(
1 +
d2
ℓ2B
)
ed
2/2ℓ2Berfc
(
d/
√
2ℓB
) ]
(5.18)
together with
Js =
1
16
√
2π
e2
4πεℓB
(5.19)
is the pseudospin stiffness.
The electric field yields a nonzero contribution as in
the monolayer case,
[̺α(k),HE]PB
=− e
2π~
∫
d2q e
− 1
4
ℓ2Bq
0 ϕ
α(q)̺α(k − q) sin
(
ℓ2B
k ∧ q
2
)
,
as corresponds to the monolayer formula (4.19). Hence,
we obtain the standard formula for the Hall current in
each layer,
J α(E)i (x) =
e2ℓ2B
~
εijEjρ
α
0 , (5.20)
on the incompressible ground state.
Finally, the Poisson bracket with the tunneling Hamil-
tonian is exactly calculable,
[Py(k),HT]PB = 1
~
∆SASPz(k), (5.21)
which yields
Jz(x) = −ed
~
∆SASPy(x) (5.22)
to the tunneling current.
We parametrize the classical pseudospin field in terms
of the interlayer phase field ϑ(x) and the imbalance field
σ(x),
Px(x) =
1
2
ρ
0
√
1− σ2(x) cosϑ(x),
Py(x) = −1
2
ρ
0
√
1− σ2(x) sinϑ(x),
Pz(x) =
1
2
ρ
0
σ(x). (5.23)
The Hall current is given by the sum of (5.17) and (5.20),
J fi (x) =
eJds
~
(1− σ2)∂iϑ+ e
2ℓ2B
~
εijE
f
j̺
f, (5.24a)
J bi (x) =−
eJds
~
(1− σ2)∂iϑ+ e
2ℓ2B
~
εijE
b
j ̺
b. (5.24b)
FIG. 1: (a) Hall currents are injected to the front and back
layers independently. The Hall and diagonal resistances are
measured only in one of the layers. (b) A simplified picture is
given to represent the same measurement, where the symbol
V in a circle indicates that the measurement is done on this
layer.
We have shown that the phase current arises in the pres-
ence of the interlayer phase coherence.
We should mention that the emergence of the phase
current, ∝ ∂iϑ(x), in the pseudospin QH ferromagnet
has already been pointed out in an effective theory1 based
on an intuitive and phenomenological reasoning. In this
paper we have presented a microscopic formulation of the
phase current.
VI. DIAGONAL AND HALL RESISTANCES
Let us first review the Hall current in the monolayer
system with homogeneous electron density ρ0. The elec-
tric field E drives the Hall current into the direction per-
pendicular to it,
Ji = e
2ℓ2Bρ0
~
εijEj . (6.1)
We apply the electric field so that the current flows into
the x direction, as implies Ex = 0. Hence the diagonal
resistance vanishes,
Rxx ≡ ExJx = 0, (6.2)
and the Hall resistance is given by
Rxy ≡ EyJx =
~
e2ℓ2Bρ0
=
2π~
νe2
. (6.3)
The signals of the QH effect consist of the dissipationless
current (6.2) and the development of the Hall plateau at
the magic filling factor ν.
What occurs in actual systems is as follows. We feed
the current Jx into the x direction. Due to the Lorentz
force electrons accumulate at the edge of the sample,
which generates such an electric field Ey that makes
7the given amount of current Jx flow into the x direc-
tion [Fig.1]. The relation between the current and the
electric field is fixed kinematically by the formula (6.1)
in the monolayer system.
We proceed to study the QH current in the imbal-
anced bilayer system at σ0, where the electron densities
are given by (5.4) in the ground state. We assume the
sample parameter ∆SAS = 0 so that there is no tunneling
current between the two layers. As we show in Appendix
A, the interlayer phase field ϑ(x) is gapless in the limit
∆SAS = 0, but the imbalance field σ(x) has the gap ǫcap.
Consequently, the excitation of σ(x) is suppressed at suf-
ficiently low temperature. Hence we set σ(x) = σ0 in all
formulas.
We imagine the electric fields Efj and E
b
j driving the
Hall currents to flow into the x direction [Fig.1]. As we
have argued in the previous section, the basic formula for
the current is (5.24), or
J fi =
e
~
(1− σ20)Jds ∂iϑ+
e2ℓ2B
~
εijE
f
jρ
f
0, (6.4a)
J bi =−
e
~
(1− σ20)Jds ∂iϑ+
e2ℓ2B
~
εijE
b
j ρ
b
0 , (6.4b)
in the imbalance configuration at σ0.
Since our system is assumed to be homogeneous in the
y direction, the variables depend only on x. Thus,
Efx = E
b
x = 0. ∂yϑ = 0, (6.5)
and
Rfxx ≡
Efx
J fx
= 0, Rbxx ≡
Ebx
J bx
= 0, (6.6)
for J fx 6= 0 and J bx 6= 0. The Hall current is given by
J fx =
e
~
(1− σ20)Jds ∂xϑ+
e2ℓ2Bρ0
2~
(1 + σ0)E
f
y , (6.7a)
J bx =−
e
~
(1− σ20)Jds ∂xϑ+
e2ℓ2Bρ0
2~
(1− σ0)Efy. (6.7b)
Consequently the relation between the current and the
electric field is not fixed kinematically in the presence of
the interlayer phase difference ϑ(x).
Any set of Efy, E
b
y and ϑ seems to yield the given
amounts of currents J fx and J bx provided they satisfy
(6.7). In the actual system the unique set of them is
realized: It is the one that minimizes the energy of the
system. It is a dynamical problem how Efy and E
b
y are
determined in the bilayer system.
A bilayer system consists of the two layers and the
volume between them. The dynamics of electrons is de-
scribed by the Hamiltonian (5.5), which is defined on
the two planes. The tunneling term has been introduced
just to guarantee the charge conservation. We have so
far neglected the electric field in the volume between the
two layers, since it does not contribute to the equation
of motion (3.7) for electrons. We now need to analyze
the equation of motion also for the electric field. Equiv-
alently it is necessary to minimize the Coulomb energy
stored in the volume between the two layers.
The energy due to the electric field E(x, z) between
the two layers is given by the sum of the Maxwell term
and the source term,
HE =
ε
2
∫
d2xdzE2(x, z)− e
∫
d2xdz ϕ(x, z)ρ(x, z),
(6.8)
where
Ex = −∂xϕ, Ey = ∂yϕ, Ez = −ϕ
f − ϕb
d
. (6.9)
Note that (6.8) is equivalent to the ”surface term” (5.6e)
in the equation of motion (3.7) since the electron density
ρ(x, z) is nonzero only on the two layers.
When there are constant fields Efy and E
b
y into the
y direction on the layers, the field Ez between the two
layers is given by
Ez = −ϕ
f − ϕb
d
=
Efy − Eby
d
y. (6.10)
We carry out the integration over z and then over the
plane in (6.8),
HE =
εdw
2
∫
d2x
(
(Efy)
2 + (Eby )
2
)
+
εd
2
∫
d2xE2z
=
εdwL
2
2
(
(Efy)
2 + (Eby )
2
)
+
εL4
24d
(Efy − Eby )2, (6.11)
where dw is the thickness of the layer, and L is the size
of the sample. Note that there is no contribution from
the source term due to the parity,∫
d2xdz ϕ(x, z)ρ(x, z) ∝
∫ L/2
−L/2
dy y = 0. (6.12)
The energy density is given by
HE = εdw
2
(
(Efy)
2 + (Eby )
2
)
+
εL2
24d
(Efy − Eby )2. (6.13)
The important observation is that the second term di-
verges in the large limit of the sample size L. The order
of the sample size is L ≃ 1 mm, while the typical size pa-
rameter is ℓB ≃ d ≃ dB ≃ 10 nm, as implies L/ℓB ≃ 106.
It is a good approximation to take the limit L→∞. We
then find
Efy = E
b
y (6.14)
to make the energy density finite.
We rewrite (6.7) as
Efy =
2~
e2ℓ2Bρ0
[ J fx
1 + σ0
− e
~
(1 − σ0)Jds ∂xϑ
]
, (6.15a)
Eby =
2~
e2ℓ2Bρ0
[ J bx
1− σ0 +
e
~
(1 + σ0)J
d
s ∂xϑ
]
. (6.15b)
8FIG. 2: (a) The same amount of current flows on both layers
in the same direction. (b) The same amount of current flows
on both layers in the opposite directions. (c) and (d) The
current flows only on the front layer. In these experiments
the diagonal and Hall resistances are measured at one of the
layers indicated by V in a circle.
The condition Efy = E
b
y requires
Efy − Eby =
2~
e2ℓ2Bρ0
( J fx
1 + σ0
− J
b
x
1− σ0 −
2eJds
~
∂xϑ
)
= 0,
(6.16)
or
∂xϑ =
~
2eJds
( J fx
1 + σ0
− J
b
x
1− σ0
)
. (6.17)
Substituting (6.17) into (6.15) we obtain
Efy = E
b
y =
~
e2ℓ2Bρ0
(J fx + J bx ) . (6.18)
We conclude that the Hall resistance is given by
Rfxy ≡
Efy
J fx
=
2π~
νe2
(
1 +
J bx
J fx
)
, (6.19a)
Rbxy ≡
Eby
J bx
=
2π~
νe2
(
1 +
J fx
J bx
)
(6.19b)
in each layer. We note that both the diagonal and Hall
resistances are independent of the imbalance parameter
σ0.
VII. ANOMALOUS BILAYER HALL
CURRENTS
We apply these formulas to analyze typical bilayer QH
currents [Fig.2], and compare the results with the exper-
imental data3,4,5. Though the experiments were carried
out at the balanced point (σ0 = 0), our results are valid
also for imbalanced configurations (σ0 6= 0).
A. Experiment (a)
The same amounts of current are fed to the two layers
in the experiment [Fig.2(a)]. Since J fx = J bx , we obtain
from (6.17) that
ϑ = constant,
FIG. 3: By feeding different currents into the two layers, the
Hall resitance Rxy (solid curve) and the longitudinal resis-
tance Rxx (dotted curve) are measured on one of the layers
(indicated by V in a circle). (a) In the counterflow exper-
iment the opposite amounts of currents are fed to the two
layers, where Rfxx = R
f
xy = 0 anomalously at ν = 1. Data are
taken from Ref.4. (b) In the drag experiment the current is
fed only to the front layer, where Rfxy takes anomalously the
same value at ν = 1 and ν = 2. It is also remarkable that
Rfxy = R¯
b
xy at ν = 1, where R¯
b
xy ≡ E
b
y/J
f
x. Data are taken
from Ref.5.
and
Rfxy ≡
Efy
J fx
=
4π~
νe2
, Rbxy ≡
Eby
J bx
=
4π~
νe2
. (7.1a)
This is the standard result of the bilayer QH current.3,4
B. Counterflow Experiment (b)
The counterflow experiment [Fig.2(b)] is most interest-
ing. Since J fx = −J bx , we obtain from (6.17) that
ϑ =
~J fx
eJds
x+ constant. (7.2)
and
Rfxy ≡
Efy
J bx
=0, Rbxy ≡
Eby
J bx
=0. (7.3a)
The result is remarkable since it is against the naive pic-
ture of the QH effect. Recall that the essential signal of
the QH effect is considered to be the development of the
plateau. The vanishing of the Hall resistance in the QH
regime is a new phenomenon. This anomalous behavior
has been observed experimentally by Kellogg et al.3 and
Tutuc et al.4 at ν = 1, as illustrated in Fig.3(a).
C. Drag Current (c) & (d)
The drag experiment [Figs.2(c) and (d)] is also very
interesting, where the current is fed only to the front
layer. The Hall resistance is measured in the front layer
9[Fig.(c)] and also in the back layer [Figs.(d)]. Since J bx =
0, we obtain from (6.17) that
ϑ =
~J fx
2eJds
x+ constant. (7.4)
In the drag experiment the definition (6.19) for Rbxy be-
comes meaningless since J bi = 0. We adopt the definition
R¯bxy ≡
Eby
J fx
(7.5)
with the use of J fx. Then, we find
Rfxy ≡
Efy
J fx
=
2π~
νe2
, R¯bxy ≡
Eby
J fx
=
2π~
νe2
. (7.6a)
In particular, we have
Rfxy = R¯
b
xy =
Efy
J fx
=
2π~
e2
at ν = 1. (7.7)
On the other hand, if there is no interlayer coherence,
the QH current in the front layer is
J fi =
νe2
4π~
εijE
f
j (7.8)
at the balance point, and
Rfxy =
Efy
J fx
=
4π~
νe2
. (7.9)
In particular we have
Rfxy =
Efy
J fx
=
2π~
e2
at ν = 2. (7.10)
It is prominent that from (7.7) and (7.10) the Hall resis-
tance is the same at ν = 1 and ν = 2. These theoretical
results explain the drag experimental data due to Kellogg
et al.5, as illustrated in Fig.3(b).
VIII. CONCLUSION
In this paper we have analyzed the dynamics of elec-
trons confined to the lowest Landau level based on non-
commutative geometry. In ordinary physics the dynamics
arises from the kinetic Hamiltonian. In the QH system,
however, it arises from the very nature of noncommuta-
tive geometry, that is the W∞(N) algebra (2.11) satisfied
by the bare density Dˆµν(p).
As an application we have derived the formula for the
electric current. We have found that the Coulomb in-
teraction yields quite complicated contributions through
the exchange term to the current. Nevertheless, we re-
produce the standard formula for the Hall current in the
monolayer QH ferromagnet. However, the Hall current
contains the phase current in the bilayer QH ferromag-
net. It is a dynamical problem how the phase current
flows. We have shown that it flows in such a way that
the Hall current behaves anomalously as discovered in re-
cent experiments3,4,5. Furthermore, the anomalous Hall
resistance is unchanged even if the density imbalance is
made between the two layers. These experimental data
provide us with another proof of the interlayer phase co-
herence spontaneously developed in the bilayer system.
APPENDIX A: SU(2) EFFECTIVE
HAMILTONIAN
In this appendix we derive the classical Hamiltonian
(5.6) from the field-theoretical Hamiltonian (5.5), orH =
H+C +H
−
C +HT+Hgate+HE. Each term is given in terms
of the electron density ρ(x) and the pseudospin density
Pa(x) as follows,
H+C =
1
2
∫
d2xd2y V +(x− y)ρ(x)ρ(y), (A1a)
H−C = 2
∫
d2xd2y V −(x− y)Pz(x)Pz(y), (A1b)
HT = −∆SAS
∫
d2x Px(x), (A1c)
Hgate = −∆bias
∫
d2x Pz(x), (A1d)
HE = −e
∫
d2x
[
ϕf(x)ρf(x) + ϕb(x)ρb(x)
]
, (A1e)
where ∆bias is the bias parameter to take care of the
charge imbalance made by the gate voltages in (A1d).
The Coulomb potentials are
V ±(x) =
e2
8πǫ
(
1
|x| ±
1√
|x|2 + d2
)
. (A2)
We take the expectation value by the Fock state (3.4).
The Coulomb energy is decomposed into the direct and
exchange energies11,
〈H+C 〉 = π
∫
d2pV +D (p)ˆ̺(−p)ˆ̺(p)
− π
∫
d2pV +X (p)
[
Pz(−p)Pz(p) + 1
4
̺(−p)̺(p)
]
− π
∑
a=x,y
∫
d2pV +X (p)Pa(−p)Pa(p), (A3a)
〈H−C 〉 = 4π
∫
d2pV −D (p)Pz(−p)Pz(p)
− π
∫
d2pV −X (p)
[
Pz(−p)Pz(p) + 1
4
̺(−p)̺(p)
]
+ π
∑
a=x,y
∫
d2pV −X (p)Pa(−p)Pa(p). (A3b)
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All other terms are simply converted into the correspond-
ing classical terms,
〈HT〉 = −2π∆SASPx(0), (A4)
〈Hgate〉 = −2π∆biasPz(0), (A5)
〈HE〉 = −e
∫
d2q e−q
2ℓ2B/4
[
ϕf(−q)̺f(q) + ϕb(−q)̺b(q)] .
(A6)
We now analyze the ground-state condition. We substi-
tute
̺(x) = ρ0, Pa(x) =
1
2
ρ
0
(
√
1− σ0, 0, σ0) (A7)
into the total energy H ≡ 〈H〉, and minimize it with
respect to σ0. As a result we obtain the condition
∆bias =
σ0√
1− σ20
∆SAS + σ0ǫcap (A8)
with (5.10). Eliminating the parameter ∆bias from the
total classical Hamiltonian
H = 〈H+C 〉+ 〈H−C 〉+ 〈HT〉+ 〈Hgate〉+ 〈HE〉, (A9)
we can rearrange it into
H = HD +HX +HT +Hbias +HE, (A10)
where various terms are given by (5.6) in text.
We proceed to analyze a small fluctuation of the pseu-
dospin field Pa(x) around the ground state (A7), which
describes the pseudospin wave. We parametrize
Pa(x) =
ρ0
2
n†(x)πan(x), (A11)
where πa is the Pauli matrix, and
n(x) =
1√
2
( √
1 + σ0
√
1− σ0√
1− σ0 −
√
1 + σ0
)( √
1− |η(x)|2
η(x)
)
≃ 1√
2
( √
1 + σ0
√
1− σ0√
1− σ0 −
√
1 + σ0
)(
1
η(x)
)
(A12)
in the linear approximation, with
η(x) =
σ(x) + iϑ(x)
2
, η†(x) =
σ(x)− iϑ(x)
2
. (A13)
The pseudospin field (A11) is reduced to the ground state
(A7) for η(x) = 0. Substituting the pseudospin field
(A11) into (A10) together with this parametrization, we
find
H =(1− σ
2
0)Js + σ
2
0J
d
s
2
(∂kσ)
2
+
ρ0
4
[
ǫcap(1− σ20) +
∆SAS√
1− σ20
]
σ2
+
1
2
Jds (∂kϑ)
2 +
ρ0
4
∆SAS√
1− σ20
ϑ2 (A14)
up to the second order in σ(x) and ϑ(x). Their coherence
lengths are
ξϑ = 2ℓB
√
π
√
1− σ20Jds
∆SAS
,
ξσ = 2ℓB
√
π [(1− σ20)Js + σ20Jds ]
ǫcap(1 − σ20) + ∆SAS/
√
1− σ20
. (A15)
It is remarkable that the coherent length ξϑ becomes in-
finitely large as ∆SAS → 0, though ξσ remains finite due
to the capacitance-energy parameter ǫcap. It follows from
(A8) that the condition ∆bias < ǫcap is necessary to ob-
tain the gapless mode.
APPENDIX B: SU(4) EFFECTIVE
HAMILTONIAN
We have ignored the spin degree of freedom when we
have analyzed the Hall currents in the bilayer QH system
in Section VI. In this appendix, including all components
of the SU(4) QH system, we derive the effective Hamil-
tonian and justify this simplification.
There are 15 isospin components,
Sa =
1
2
Ψ†σaΨ(x), Pa =
1
2
Ψ†πaΨ,
Rab =
1
2
Ψ†σaπbΨ. (B1)
We denote their classical fields as Sa, Pa and Rab as in
(4.2) and (5.2). The classical Hamiltonian has already
been derived11, where the Coulomb energy density is
〈HclC 〉 =πV +D (p)̺(−p)̺(p) + 4πV −D (p)Pz(−p)Pz(p)
− π
2
V dX(p)[Sa(−p)Sa(p) + Pa(−p)Pa(p)
+Rab(−p)Rab(p)]
− πV −X (p)[Sa(−p)Sa(p) + Pz(−p)Pz(p)
+Raz(−p)Raz(p)]
− π
8
VX(p)̺(−p)̺(p). (B2)
The Zeeman term, the tunneling term and the bias terms
are given by (4.9c), (5.6c) and (5.6d), respectively.
The ground state is given by
Sga =
1
2
δaz, Pga =
1
2
(
√
1− σ20δax + σ0δaz),
Rgab =
1
2
δaz(
√
1− σ20δbx + σ0δbz) (B3)
in the imbalanced configuration at σ0. We analyze a
small fluctuation of the isospin field around the ground
state. We may parametrize
Sa =
ρ0
2
n†σan, Pa =
ρ0
2
n†πan, Rab =
ρ0
2
n†σaπbn,
(B4)
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where
n(x) =
1√
2


f+ 0 f− 0
0 f+ 0 f−
f− 0 −f+ 0
0 f− 0 −f+




1
ηs(x)
ηp(x)
ηr(x)

 (B5)
in the linear approximation as in (A12), with f± =√
1± σ0. The phase field ϑi(x) and the imbalance field
σi(x) are introduced as in (A13) for each component,
i =s, p, r.
The effective Hamiltonian is derived by substituting
(B4) together with (B5) into the classical Hamiltonians
and making the derivative expansions. It is found that
the pseudospin mode ηp(x) is described precisely by the
Hamiltonian (A14). To study the other two modes, we
change the variables as
ηs =
√
1 + σ0
2
η1 +
√
1− σ0
2
η2,
ηr =
√
1− σ0
2
η1 −
√
1 + σ0
2
η2. (B6)
The effective Hamiltonian reads
Hmix =J
+
s + σ0J
−
s
2
[(∂kσ1)
2 + (∂kϑ1)
2]
+
ρ0
4
(
∆Z +
1
2
∆SAS
√
1− σ0
1 + σ0
)
[σ21 + ϑ
2
1]
+
J+s − σ0J−s
2
[(∂kσ2)
2 + (∂kϑ2)
2]
+
ρ0
4
(
∆Z +
1
2
∆SAS
√
1 + σ0
1− σ0
)
[σ22 + ϑ
2
2]
+
ρ0
4
∆SAS(σ1σ2 + ϑ1ϑ2), (B7)
where
J±s =
1
2
(
Js ± Jds
)
(B8)
with (5.18) and (5.19). The two modes η1 and η2 are cou-
pled in general, but decoupled for ∆SAS = 0. There exist
no gapless modes in this Hamiltonian provided ∆Z 6= 0.
In conclusion, when ∆SAS = 0, there is only one gapless
mode, which is the interlayer phase field ϑp. This justifies
that we have neglected all dynamical fields except for the
field ϑp to analyze the currents in Section VII.
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